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ABSTRACT
In this study, a semi — Markovian random walk process (%(t}) with a generalized delaying barrieris considered
andergodic theorem for this process is proved under some weak conditions. Moreover, the characteristic function of the
ergodic distribution of the process Xt is expressed by characteristic function of a boundary functional Sy; ;. Then, using
this representation, it is shown that the ergodic distribution of the “standardized” process¥; [t} = X(t} /% converges to a
limit distribution, when . — ==, Finally, the explicit form of the limit distribution is obtained.
Key words: Semi - Markovian random walk; Delaying barrier; Ergodic distribution; Asymptotic expansion; Weak
convergence; Limit distribution.

INTRODUCTION

Many interesting problems of stochastic finance, mathematical biology, reliability, queuing, stock control
theories and mathematical insurance can be expressed by means of random walk processes. In particular,
a number of very interesting problems of stock control, queuing and reliability theories are expressed by
means of random walk with various types of barriers. These barriers can be reflecting, delaying,
absorbing, elastic, etc., depending on concrete problems at hand. For instance, it is possible to express
random levels of stock in a warehouse with finite (or infinite) volumes or queuing systems with finite (or
infinite) waiting time or sojourn time by means of random walk with delaying barriers (or barrier).
Furthermore, the functioning of stochastic systems with spare equipment can be given by random walk
with barriers, one of them is delaying and the other one is any barrier. In this topic, there are many
interesting studies in literature [1, 4, 7, 12].

Unfortunately, the results of these studies are not readily applicable to real — world problems because the
probability characteristics of considered processes have very complex mathematical structure. For
avoiding this difficulty, in recent years, the asymptotic methods for investigation of the processes of
queuing, reliability, stock control, etc. theories are intensively developed. In these topics, there are also
some important researches in literature [1, 2, 3,4, 7, 9, 10].

However, these studies have only dealt with the boundary functionals of random walks. Doubtlessly, the
boundary functionals of stochastic processes are extremely important. But own characteristics of the
random walk are also important for solving various applied problems. For this reason, we are interested in
ergodic distribution of the semi — Markovian random walk (%{t}) with a generalized delayingbarrier.
Namely, in this study we will investigate the asymptotic behavior of the ergodic distribution of the process
X(t).Due to a special property of the barrier, we expect that the ergodic distribution of the process
Hiticonverges to a limit distribution of a “residual waiting time”, which is important for real — world
applications.

These kinds of problems may occur, for example, in the control of military stocks, refinery stocks, reserve
of oil wells, stochastic finance, mathematical insurance, etc.
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MATERIALS AND METHODS
Let {(5,-mn)}, n=1,2,..be a sequence of independent and identically distributed random pairs defined on a
probability space (1. 3. FJ, where , take only positive values, whereasr,, take both positive and negative
values. Suppose that the random variables of i and ), are mutually independent and theirdistribution
functions are given as follows:
&(t) =Py, <t . F& =Py, =k

Define renewal sequence T, Jand random walk {5, ]as follows:

n n

Moreover, let the sequence of random variables™,, ,5,,_andi,bedefined as follows:

N,=+5y =10 =z.N =N, 0z) = NGz) = infln = "z =5, = ok
RilAz)
Shipe) = Z ni: &= -y
i=1
Np = inf{r = v:a,_. — (S My +Ly wt Moy + Loy 47 — 9y +Ly Ny +Lp oy ) =

ay, = Zﬂii In = (NN, +Ly+-N 4L ) BN
i="1

Here,—n, 1™ indicates positive part of the random variable{ -, 7, and the random variables L. ,L,,...are
number of jumping required to go up random walk &,from zero to positive positions ©..G;. T-. ...,

Let
Ly Le

- =ZE.N.—i : By = ZE.M.-L.----N,__.-L,__.-N,_-i : n="%"%..

andtn = T."lr,'-“'n =T, tE8,.n="N"y =T, = ‘
Moreover,definevit) = max{n =+ : T, =t t= -
Now we can construct the desired stochastic process X (t}as in the following form:

X(e) = max{*; Aly — (Sy0 — SnyelieNgoLo )1 E S [y oYpe hm= 20T
wherei = ¢
One of trajectories of the process X(tlis given as in Figure 1:
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Figure 1: One of trajectories of the process X(t)

Note that, {, ==z = + and &..Z,.-...are independent and identically distributed positive valued random
variableswithdistribution m(z):
Fl+} —Fl—z)

I ]
I+

Fiol

[

niz) =P, =2
Flz) = P{'r]n Tzhz=n="7, ..

The processXitlis called "Semi — Markovian Random Walk Processwith a GeneralizedDelaying Barrier"
and the main purpose of this study is to investigate the asymptotic behavior of the ergodic distribution of

theprocessXit}, whenki — o2,
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RESULTS
ERGODICITY OF THE PROCESS X[t}
Firstly, we state the following theorem on the ergodicity of the process‘m t])

Theorem 3.1.Let the initial sequence of random pairsiiz,.m,).n= '} besatisfied the following
supplementary conditions:
V) E(E) < o9 2)E(m ) = +;3)Ply, < +}= Pl = 1=

A)r.is non-arithmetic random variable. o
Then, the process %it} is ergodic and for any bounded measurable function f:|-. ! — E the following
relation holds, with probablllty 1:

[ ...t P

im— | fX)ds=——| | | 0P = 630 & dddun() 3.1)
t—=tT J, - ’ E'\".'-_,I_.z=__-:{=__-t=_

Proof. The process Xitibelongs to a wide class of processes which is called in literature as “The
class of semi-Markov process with a discrete interference of chance”. General ergodic theorem of type
Smith’s "key renewal theorem"” exists in the literature for this class (see, Gihman and Skorohod [7], p.243).
It is not difficult to show that the assumptions of the general ergodictheorem are satisfied under the
conditions of Theorem 3.1.Therefore, the ergodicity of the process *(tlis derivedfrom this general ergodic
theorem.

Note. From Eg. (3.1) many valuable inferences can be derived. To state some of these inferences, let
usintroduce the following notations:

Q) = E_‘r PG = =3 oxla) —tl_~r E(e™ ™), ae R,

Here, Qy G is ergodic distribution function and () is ergodic characteristic function of the
process X{t}.
Corollary 3.1. Theergodlc distribution function{ Qu {z)of the process X (t1has the following exact form:

mzE mEE

whereGit. = 2z} = R {1 =t X 't:l < %}

Proof: Taking (=) as indicator function yields the desiredresult.

Corollary 3.2.The explicit form of characteristic function( @y ()} of ergodic distribution of the process
¥({fican be given as:

Qg =

- zE D e oEE

—_— || |’ ei“:{d.c Gl x =) dedn(z,/2)
E'x-'-'-.-l-'2=.-'t=.-';{=. )

Proof: Taking fx} = exp(iax) yields the desired result.

Using the basic identity for the random walk process (see, Feller [6], p.514), we can obtain an alternative
representation for the characteristic function{ ¢ ‘=7 of the ergodic distribution.

Theorem 3.2. (Alternative representationforey(al). Under the conditions of Theorem 3.1, the
characteristic function @y () of the ergodic distribution of the process X(t} can be expressed by means of
characteristics of the boundary functionalsy; . as follows:

(el
_"T'L\'-[.- -

x ‘ [ e Fnn 0
-'.p_y_'il.‘[,' e ——— gt -'.-:'—xmd‘l'[':ﬂ
EMNALND +K g ot —
. JQ ) e, ¥ G (32)
K == i (—)dn(z) R\
—_— o = } L% I, = VLY
TEN.OL) _}'Hz_.e Py maldniz), a _
whereipg __'—u_-cl —E'E.‘-:[:I—L'[S'\hz , @, (—a) = Elexp(—ian. ),
'. "J'Lg l': [ E(N, Oz dn(z); }\.—ﬁ.

ASYMPTOTICEXPANSTIONSFORTHEMOMENTSOFS,,
Firstly, give the following result related to the moments of the boundary functional 5y, ., which exist in the

literature (Khaniyev and Mammadova [9]).
Proposition 4.1.Assume that the followmg condltlons are satisfied:
DEm.) =, )Pl < 1=+ Ph = ) E( | | 7) = 2o,
4)n.is non-arithmetic random variable.
Then, the following asymptotlc expansionscan be written for the moments of 5y ., asz —

Zn—" n-*7 =

~I,.,'\2|— E| S" .'—2 —"1|.l, +olz n=

wherep, = E(x. "5, k=" . = E' k = vand yTis the first ascending ladder height of the random walk

{Snbnz
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Proposition 4.2. Let g(x) bea bounded measurable function andlim,_.. g} = . Then the following
asymptoticrelation holds, when & — c=:

s
z"g(z) dn(z) = -, n=+%"%..

&

Using the Proposition 4.1 and Proposition 4.2, we can state the following corollary.

Corollary4.1. Under the assumptions of Proposition 4.1 the following asymptotic expansions are true for
the integrals from the moments of S, ., as* — o

E(MZ) )= 2 By + BB+ 0(°7), n=o0m

where?, = A7, : 8, = E(T¥), k= ,".....7, = (-, )" is positive part of random variable {—n. .

WEAK CONVERGENCETHEOREM FOR THE PROCESSY; [t}
Let define a new process T; (t1 as follows:

L =Xmm s
In this section, weak convergence theorem for the distribution of the process ¥; (! is proved and the limit
form for the ergodic distribution of the process T; (tlis obtained, when * — t.Note that, since ¥; (t} is a
linear transform of the process X(t),the process ¥; (i is also ergodic.

Let denote the characteristic function of the ergodic distribution of the processT; (tibygy (o]}, thatis,

oy (ec) = lim,_ . E(exp(iay, ().

Before giving the weak convergence theorem, let usstate the following limit theorem for the characteristic
function of the process ¥ (t.
Theorem 5.1.Under the conditions of Theorem 3.1, the characteristic function( g, («) ) of the ergodic

distribution of the process ; (ticonverges to limitfunctiong, () ask — ==, that is,

gyloe) = p o) =E———, a =,
- iGE (Dy)

Here @ (x) is the characteristic function of the random variable . .
Proof. From Theorem 3.2, we have

) ' || g (—ad =0 )
pylo) = ————— | ™ —————dnlz]
|\.|.\__JI + J - =) —
ERLA6) hz:- Pnrma (5.1)
}': - i I & Fo "
t——————| ¥ gg,  (~adnlz) . aeR\L
EqN. (3.0 + K/ . S .
Here ) ‘
"-PE_-;--,E-':_'-'[:' = El exp(—iaSypa)) - @ (—al = Elexp(—ian. )],
E'::x-':'-f.-:'::' = || E(N., (z)ydnlz).
On the other hand, the ergodic distribution of the process 7; (t} is given as follows:
(Xie) ) L
Q) = lim Pl == = lim Pk = x)} = Qulixl; == -. (5.2)

Moreover,we can represent the characteristic function| g () ) of the ergodic distribution of the
process Y (t} as follows:

- - - o ¢ ¢ xl:t:l' \ |""-["'
oy(a) = limE(exp(11,0)) = lim E{enp (1057) ) = 0x (3). (53)
So we get .
(o) \ [T % Ponm 'L_%] (Pl ||== iz A T
pylot = EN. Q)+ K JI. X o A }Eh] . dm I'\.i I+ h_. e s, . I'x_i-l dm I"ki It. (5.4)

Let define the following notations:
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o
o P —=] ="
Rl "-:I:_—___:].':l: = EIEZ$

N (T ip =y el
kS L L . " '\._I' —

[

1) = | exp(ic R 2|-.|:-: .;_Ild'": z/ 3,
Then,we have
pyla) = RGO ) + KI, GO % (5.5)
Thus, we get
. E(exp(—i3 Snoo N =
LW = || exp (1o = drrixl,
E(exp(—iym.J0—"

(5.6)

ﬂxE{e:-cpl—'— Sy —J'.:-c‘l:ll—e'“'
:IIL L LA 400 -
|| dmizlt,
2. Eexp(—ism)) -
According to definition of 5y 1, the following asymptotic expansion can be written:
El 51 gy ) = X+ e + o). (5.7)

Taking account Eq. (5. 7) mto Eq. (5.6), it can be written:

o~ = I
NOESYIE
On the other hand,

, -.

R

dnix) + o(M). (5.8)
o,
_ -, _ i,
EN.M))+ K mEN.OL)) +Km.  E(Sypsy) + Km,
By using the asymptotic expansion in Corollary 4.1, we get the following expansion forRii), as & — ce:

z

RO

(5.9)

Km, + 4B, + we + oY)

o 0y (510)
= {"—— o= = —\ —D\J'

Ap. L 1B, AT as,
This yields to

RVL Q) =

L= L |

l’ =
5
oo e| { 0
=), Tiap, dmGd +o() (511)

E"e S @ (o) —

+oVj= —————+ 0],
B, v inELL, )
Herep,(a) = E(expiial,)) = | explicad) dn.
Therefore, we have the following limit relation:
"P 'L'i' —

l ROJOL(A) = —————
= iaE(T, )

(5.12)

Now, Iet calculate] o0

) o P
L) = |’ exp(i R 2|..|:: k_ildﬂ (z/3)

e

= |’ E{e:-cpn i = (Snir — ;'G(:I}d‘l‘['::(:' (5.13)

&

='- ; I' E{Syng — Mcpdnx) + l:l"r\‘.].

From Corollaw 4 1, the following asymptotlc expansion can be obtained:
o, feepL, FAL
LOJ="— :}—' e +000)) £ of —] ="'- I:. + DIJL_] (5.14)

From (5.10) and (5. 14) we get the foIIowmg asymptotlc expan5|on ash — o2

| i = I e — E = —41 —.
ROJKI, (2 _PLB. “K " - ol ] ]
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Since K == oo m, = oo+ = B, = ewandu,. < oo,we get

Jm RWKL G = (5.15)
By substituting the Eq. (5.12) and Eqg. (5.15) into Eq. (5.5) yields to
. oy .rm_'.'P:l‘l'-['l_\
}l_:'_:f; l'.P":"x'-[-I = . Lo} = m, (516)

whereq_(alis the characteristic function of the random variableZ..

Proposition5.1.The limit function . («}is a characteristic function.
Proof. To prove this proposition, we construct a new distribution function as follows:
k1

[ -

Glx) = ﬁj’ '::‘ — mlz) ::'dz.:-c =, (5.17)
Note that, G(x) is the limit distribution of a "residual waiting time" (Feller [6]). The characteristic function
of G{x}is equal to
o 3] — i 7y _ o] Ve =
_.II_ e dGix) = £ el —mrix) Jdx

Pz lod =
E= (518)
Sowe see thatep. (o) = (¢, (a) — ) /iaE(Z Jis the characteristic function of the limit distributionGGz).This
completes the proof of Proposition 5.1. ) )
Theorem 5.2.Under the conditions of Theorem 3.1, the ergodic distribution (J,(x!} of the
processY; (t)weakly converges to limit distribution G{x},as % — ¢, that is,

limQyxl =G, ==

f—Es
and the limit distribution functionG{z! has the following exact form:
X

[ -

66 = = | (" = nl2) ). (5.19)

G(x)is the limit distribution for the "residualwaiting time" generated by the sequence {7, ..
Proof.By using Theorem 5.1, Proposition 5.1 and Continuity theorem for the characteristic functions, we

can obtain the proof of Theorem 5.2. yields this theorem.

Taking account iz} = B tinto Eg. (5.19), we can obtain the following corollary.
L]

Corollary 5.1. The followin.g.explicit form of the limit distribution G(x!can be written:

GO = inTE (5.20)

_I1_== F, (—zidz '

In this section, two special cases are given.
Case 6.1. Let random variable r. have two-sided exponential distribution. In other words, the

probability density function and distribution function of 1. are defined as follows(z =& = -

ab ] b
I g% L H
(el = ﬂg__hh Byl =43 Th a _ ' (6.1)
gD e v e bE
at+h T a+h =
It immediately follows from Eq. (6.1) that,
. b .
Fol—zl = e x= o, (6.2)
a+h
Hence, for eachx = -+,
X ==
(£, (—2)d (' —e ) ad [ (2 °
| —=] Ep— T i— [ —
JITEE T G sy T A R ala+hby (63)

Therefore, the explicit form of limit distribution (G(x)) can be derived from Eq. (5.20) by using Eq. (6.3)as
follows:

Glx) =Y —e”
Case 6.2.Let 1. be a random variable having uniform distribution over the interval[—a.b], b = a = *.In
other words, assume that the probability density function and distribution function of r. are defined as
follows:

"ox= o,
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X—Ta

G =12+p 2F% and F.J::-CJZI . —azx<h
. . a+h
o ' xxh
PR '.(E z=a .
Because of thatF,(—z! = :Li_ ~ foreach z = -, the following equalities can be written:
Z =0

= 3 = B

||’}_ a _; 4 ||’F —d ___llr(g_—h:l' = x=a 64)

] b z) 2_":a—h:l an ] Fat z) z—l K .

‘ TI:H_I\:']I o
Hence, for eachz = -,

|i’ F,l{—zldz = L [ — e, |I F,{—zldz = L (6.5)

Jom ala+b) I ala + 1) '

Therefore, in this case, the explicit form of limit distribution (G(x)) can be obtained from Eq.(5.20) by
using Eq. (6.5) as follows:

"

G) =minl}, x"fa")ix="

DISCUSSION

In this study, a semi — Markovian random walk with a generalized delaying barrier is considered and the
ergodicity of this process is proved. Then, the characteristic function of the ergodic distribution of the
process X(t} is expressed by characteristic function of a boundary functional 5 ;. Using representation

(3.2), it is shown that the ergodic distribution of the “standardized” processt; (t} = X(ti/A converges to
limit distribution( G} ) of a “residual waiting time”, when % — 2=, Moreover, the explicit form of the limit
distribution G(=! is given by Eq. (5.20). Recall that limit distribution of “residual waiting time” is often
used for solving various problems of stock control, queuing, reliability, mathematical insurance, stochastic
finance, etc. Therefore, it is important to see that the ergodic distribution of the random walk with a
generalized delaying barrier can be expressed (at least approximately!) by means of limit distribution of a
“residual waiting time”. Finally, in this study two special cases are considered and in both cases, the
explicit forms of the limit distributions are established.

Note that, the asymptotic approach method considered here can be also used for obtaining approximation
formulas which are simple enough for the ergodic distribution of the random walk process with other
typesof barrier (e.g., reflecting, elastic, absorbing, etc.).
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